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A closed-form model is developed to evaluate the band-edge shift caused by quantum confinement for a two-
dimensional non-parabolic carrier-pocket. Based on this model, the symmetries and the band-shifts of different
carrier-pockets are evaluated for Bi1−xSbx thin films that are grown along different crystalline axes. The phase
diagrams for the Bi1−xSbx thin film systems with different growth orientations are calculated and analyzed.
PACS numbers: 73.22.-f,73.61.At,73.61.Cw,73.90.+f,81.07.-b
Bismuth-Antimony alloys (Bi1−xSbx) constitute a materi-
als system that has been attracting considerable attention in
recent decades. This class of materials is considered to be one
of the best materials candidates for thermoelectrics and refrig-
eration in the cryogenic temperature range. In 1993, Hicks et
al. pointed out that a low-dimensional thermoelectric mate-
rial system has a remarkably enhanced figure of merit (ZT)
compared to the same material in its three-dimensional form
[1–3]. Since then researchers have been investigating low-
dimensional materials systems in search of higher ZT. For
one-dimensional Bi1−xSbx materials, Rabin et al. have re-
ported a systematic theoretical picture of Bi1−xSbx nanowires,
as well as some experimental results [4].
There are much richer phases in thin film Bi1−xSbx com-
pared to bulk Bi1−xSbx, because two more parameters are in-
troduced: film thickness and growth orientation, which makes
the research on Bi1−xSbx thin films very interesting. Ro-
gacheva et al. have synthesized Bi1−xSbx thin films that are
grown normal to the trigonal crystalline axis [6]. Tang et al.
have predicted the possibility for constructing a large variety
of Dirac-cone materials based on the Bi1−xSbx thin film sys-
tem [7, 8]. Thus, a phase diagram for Bi1−xSbx thin film sys-
tem is strongly needed for experimentalists as a guide for sam-
ple synthesis for different research purposes. Such a phase di-
agram for Bi1−xSbx thin film system however has not yet been
reported.
In this present work, we develop electronic phase diagrams
for Bi1−xSbx thin films that are synthesized normal to differ-
ent crystalline axes for use in the cryogenic temperature range
below the liquid nitrogen boiling point (77 K), and we study
how the band-edges for different carrier-pockets change with
antimony composition x, film thickness, and growth orienta-
tion. We firstly briefly review the relevant physical properties
of bulk Bi1−xSbx alloys, and develop a closed-form model
to evaluate the band-edge shift caused by the quantum con-
finement effect for a two-dimensional non-parabolic carrier-
pocket. Based on this model we calculate the band-shifts
and we analyze the symmetries of different carrier-pockets for
Bi1−xSbx thin films that are grown along the different prin-
cipal crystalline axes. Finally, we calculate and analyze the
phase diagrams for Bi1−xSbx thin film systems with different
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FIG. 1: Structure of Bi1−xSbx. (a) shows the rhombohedral lattice
structure of bulk bismuth, bulk antimony and their alloys Bi1−xSbx.
There are 2 atoms in each unit cell. The C3 symmetry trigonal axis,
the C2 symmetry binary axis and the C1 symmetry bisectrix axis
form a Cartesian coordinate system in three-dimensional space. The
trigonal-bisectrix plane forms a mirror symmetry plane. (b) shows
different carrier-pockets in the first Brillouin zone of bulk Bi1−xSbx
are shown.
growth orientations.
We recall that bulk bismuth, bulk antimony and their
Bi1−xSbx alloys have a rhombohedral lattice structure with
2 atoms in each unit cell, where the C3 symmetry trigonal
axis, the C2 symmetry binary axis, and the C1 symmetry bi-
sectrix axis that is perpendicular to the trigonal-binary plane,
form a natural Cartesian coordinate system [9]. The bisectrix
20 0.05 0.1 0.15 0.2 0.25 0.3
−120
−80
−60
−40
−20
20
40
60
−100
0
SM ISC ISC SMDSC
(1) (2) (3) (1) (4) (2) (5) (3) (6)                  ,      ,       ,   T L L L H H H H H H+ +− ○
E
n
er
g
y
 (
m
eV
)
Antimony Composition x
FIG. 2: Band-edge energies at different carrier-pockets vs. antimony
composition x for bulk Bi1−xSbx [5]. The semi-metal (SM) phase
regions, the indirect-semiconductor (ISC) phase regions and direct-
semiconductor (DSC) phase region are labeled. The symbols for the
various bands are indicated by the color and symbols in the bar below
the plot.
axis and the trigonal axis form a mirror plane that bisects the
whole rhombohedral lattice, as shown in Fig. 1(a). In the first
Brillouin zone of bulk Bi1−xSbx, there are one T point, three
degenerate L points (labeled as L(i), i=1,2,3) and six degener-
ate H points (labeled as H( j), j=1,2...6) [10, 11], as shown in
Fig. 1(b). The bottom of the conduction band is located at the
three L points. The top of the valence band can be located at
the T point, the three L points or the six H points, depending
on antimony composition x. Figure 2 shows how the band-
edges for different carrier-pockets change with antimony com-
position x in bulk Bi1−xSbx alloys [5], which leads to different
phases: a semi-metal phase, an indirect-semiconductor phase
and a direct-semiconductor phase. In the temperature range
below 77 K, the band structure does not change notably with
temperature.
For a Bi1−xSbx thin film, the three-fold symmetry of the L
points, the three-fold symmetry and the inversion symmetry
of the H points may be broken or reformed, and the normal-
to-the-film quantum confinement effect of the carriers will in-
crease the energy of the conduction band-edges and decrease
the energy of the valence band-edges, and hence lead to differ-
ent phase-transitions. The hole carrier-pockets at the T point
and the hole carrier-pockets at the six H points are parabol-
ically dispersive. The T -point and H-points quantum con-
finement effects relative to the bulk material can be mod-
eled by the square-well model that has been used in Ref.
[12, 13]. The valence band-edge at the T point will be de-
creased by h2 ·αT
⊥[Film]/8 · l
2
, and the valence band-edge at the
H( j) point will be decreased by h2 ·αH( j)
⊥[Film]/8 · l
2
, where l is
the film thickness, αT
⊥[Film] is the normal-to-the-film compo-
nent of the T -point inverse-effective-mass tensor, and αH( j)
⊥[Film]
is the normal-to-the-film component of the H( j)-point inverse-
effective-mass tensor. As in previous reports, we can assume
that the T -point and the H( j)-point inverse-effective-mass ten-
sors for Bi1−xSbx film and for bulk Bi1−xSbx are the same, i.e.
αT
⊥[Film] = α
T
⊥[Bulk] and α
H( j)
⊥[Film] = α
H( j)
⊥[Bulk].
However, this traditionally used model is not accurate to
describe the quantum confinement effect for the L-point car-
riers. There is an electron carrier-pocket as well as a hole
carrier-pocket at each of the L(i) points. The L(i)-point con-
duction band-edge and valence band-edge energies are close,
and therefore these bands are strongly coupled to each other,
so that the dispersion relations are non-parabolic or perhaps
even linear if Dirac cones are formed. The normal-to-the-film
components of the inverse-effective-mass tensor αL
⊥[Film] and
the L(i)-point band gap ELg[Film] depend on the film thickness
and are mutually coupled terms, which are both unknown.
Thus, the simple model for calculating the T -point and H( j)-
point quantum confinement effects, which yield the band-edge
shift from the normal-to-the-film component of the inverse-
effective-mass tensor is not sufficient for evaluating the L(i)-
point band-edge shift or band gap increment. To calculate the
L(i)-point band-edge shift, we have developed a model start-
ing from the three-dimensional two-band model that has been
historically used in describing the non-parabolic L-point dis-
persion relations for bulk bismuth [14], which is:
p ·αL ·p = E(k)(1+ E(k)
ELg
), (1)
where αL is the L-point inverse-effective-mass-tensor, and we
assume here that αL is the same for both the conduction band
and the valence band within the context of a two-band model
and strong interband coupling. Generally, the relation be-
tween αL and ELg around an L point is described as
αL =
2
h¯2
∂ 2E(k)
∂ (k)2 =
1
m0
· I± 1
m20
2
ELg
·p2, (2)
under the k ·p approximation [4, 15–18], where I is the iden-
tity matrix and m0 is the free electron mass. We assume here
that a two-band model also applies to Bi1−xSbx alloys, where
the influence on αL of adding antimony atoms up to a anti-
mony concentration of x=0.3 to bulk bismuth [4, 15–18], fol-
lows the relation:
αL(Bi1−xSbx) =
ELg (Bi)
ELg (Bi1−xSbx)
· (αL(Bi)−
1
m0
· I)+ 1
m0
· I.
(3)
We further assume that Eq. (3) is valid for Bi1−xSbx thin films
as well, and hence we have
3αL[Film](Bi1−xSbx) =
ELg[Bulk](Bi)
ELg[Film](Bi1−xSbx)
· (αL[Bulk](Bi)−
1
m0
· I)+ 1
m0
· I. (4)
Both αL[Film] and E
L
g[Film] of a Bi1−xSbx thin film differ from
αL[Bulk] and E
L
g[Bulk] in the bulk case, and they are both unknown
at the beginning of the calculation. In Ref. [7] and Ref. [8]
an iterative process is used to get the consistent L-point dis-
persion relations. In this present work, we are only interested
in the band-edge energy shift, for which we have developed
a closed-form model. We know that the coupling relation be-
tween αL[Film] and E
L
g[Film] is described by Eq. (4), and because
1
m0
· (1−
ELg[Bulk](Bi)
ELg[Film]
) · I≪
ELg[Bulk](Bi)
ELg[Film](Bi1−xSbx)
·αL[Bulk](Bi),
Eq. (4) can be further simplified into
αL[Film](Bi1−xSbx) =
αL[bulk](Bi)
ELg[Film](Bi1−xSbx)
·ELg[Bulk](Bi). (5)
The L-point band gap for the Bi1−xSbx thin film and the band-
edge shift due to the quantum confinement effect are related
by
ELg[Film](Bi1−xSbx) = E
L
g[Bulk](Bi1−xSbx)+ 2 ·
h2αL
⊥[Film]
8 · l2 , (6)
where ELg[Bulk](Bi1−xSbx) is the L-point band gap for bulk
Bi1−xSbx with the same antimony composition x as the film.
From Eqs. (5) and (6), the L-point band gap for the Bi1−xSbx
thin film can be solved to be
ELg[Film](Bi1−xSbx) =
ELg[Bulk](Bi1−xSbx)+
√
(ELg[Bulk](Bi1−xSbx))2 +
h2
l2 α
L
⊥[Bulk](Bi) ·E
L
g[Bulk](Bi)
2
(7)
Figure 3 (a)-(c) shows the schemes of how the various
three-dimensional carrier-pockets are projected onto the film
plane for different growth orientations denoted by the di-
rections normal to the films. The calculated dependence of
the band-edge energies for the different carrier-pockets in a
Bi1−xSbx thin film against antimony composition are calcu-
lated in Fig. 3 (d)-(f), where the 100 nm thick films of three
different growth orientations are chosen as examples. Cases
for other film thicknesses can be analysized in the similar way.
Figures 3(a) and (d) show the case where the Bi1−xSbx thin
film system is grown normal to the trigonal axis. From Fig.
3(a) we can see that the three L-point carrier-pocket projec-
tions have retained the three-fold symmetry. Moreover, the
six H-point carrier-pocket projections have a six-fold symme-
try and inversion symmetry. Due to the three-fold symme-
try of the L-point projections, the conduction band-edges at
the three points L(1), L(2) and L(3) are degenerate in energy,
and so are the valence band-edges. Because of the six-fold
symmetry and the inversion symmetry of the H-point projec-
tions, the valence band-edges at H(1), H(2), H(3), H(4), H(5),
and H(6) are also all degenerate in energy. Compared to the
bulk case shown in Fig.2, the T -point valence band-edge and
the H-points valence band-edges are not decreased signifi-
cantly, because of the large effective masses normal to the
film, of these carrier-pockets. However, the L-point band gaps
are significantly increased, due to the large band-edge shift.
The large band gaps and large band-shifts occur because of
the small effective masses normal to the film of the L-point
carrier-pockets.
Figures 3(b) and (e) show the case where the Bi1−xSbx thin
film system is grown normal to the bisectrix axis associated
with the L(1) point. Because the bisectrix axis lies in the mir-
ror plane in a bulk Bi1−xSbx lattice as shown in Fig. 1, the
L(2), the H(2) and the H(5) carrier-pocket projections are in
mirror symmetry with respect to the L(3), the H(3) and the H(6)
carrier-pocket projections, respectively, as shown in Fig. 3(b).
The inversion symmetries of the H points are still retained.
These symmetries are reflected in Fig. 3(e), where the L(2)-
point and the L(3)-point conduction (valence) band-edges are
degenerate in energy, but are higher (lower) in energy than the
L(1)-point conduction (valence) band-edge. Meanwhile,The
H( j) point is degenerate in energy with the H( j+3) point for
j=1,2 and 3, due to inversion symmetry. The H(1)-point and
the H(4)-point valence band-edges are lower in energy than
the H(2)-point, the H(5)-point, the H(3)-point and the H(6)-
point band-edges by a small amount due to the small effective
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FIG. 3: Schemes of how different carrier-pockets at the T point (red), the three L points (blue) and the six H points (green) are projected
on to the film plane for Bi1−xSbx thin films grown normal to (a) the trigonal axis, (b) the bisectrix axis and (c) the binary axis. How the
band-edges for the different carrier-pockets change with antimony composition x are calculated for Bi1−xSbx thin films grown normal to (d)
the trigonal axis, (e) the bisectrix axis and (f) the binary axis, where 100 nm thick film systems are chosen as an example. The cases for other
film thicknesses can be calculated in the similar way.
masses normal to the film .
Figures 3(c) and (f) show the case where the Bi1−xSbx thin
film system is grown normal to the binary axis associated with
the L(1) point. From Fig. 3(c) we can see that the L(2)-point
carrier-pocket projection and the L(3)-point carrier-pocket
projection overlap with each other and are different from the
L(1)-point carrier-pocket projection. The inversion symmetry
of the H points is retained. Meanwhile, the H(2)-point carrier-
pocket projection and the H(3)-point carrier-pocket projection
overlap with each other and are different from the H(1)-point
carrier-pocket projection; the H(4)-point carrier-pocket pro-
jection and the H(5)-point carrier-pocket projection overlap
with each other and are different from the H(6)-point carrier-
pocket projection. The H( j) point is degenerate in energy with
the H( j+3) point for j=1,2 and 3 because of the inversion sym-
metry. Thus, in Fig. 3(f), we can see that the conduction
(valence) band-edges at the L(2) point and the L(3) point are
degenerate with each other and are lower (higher) in energy
than the conduction (valence) band-edge at the L(1) point. The
H(1)-point and the H(4)-point valence band-edges are higher
in energy than the H(2)-point, the H(5)-point, the H(3)-point,
and the H(6)-point band-edges by a small amount.
The phase of a Bi1−xSbx thin film can be decided by the
relative positions in energy of the band-edges of the different
carrier-pockets. When the T -point valence band-edge or any
one of the six H-point valence edges is above all the three
L-point conduction band-edges, this Bi1−xSbx thin film is in a
semimetal phase. When the T -point valence band-edge and all
the six H-point valence edges are below all the three L-point
valence band-edges, this Bi1−xSbx thin film is in a direct-
semiconductor phase. Otherwise, the Bi1−xSbx thin film is
in an indirect-semiconductor phase
The phase diagrams of the Bi1−xSbx thin film system for
different growth orientations are calculated and shown in
Fig. 4 as a function of film thickness and antimony compo-
sition. Figure 4 (a) shows the phase diagram for the Bi1−xSbx
thin film system grown normal to the trigonal axis, as a func-
tion of film thickness l and antimony composition x. Region
1 and Region 2 on the relatively bismuth-rich side stand for
the semi-metal (SM) phase and indirect-semiconductor phase
(ISC), respectively, for which the top of valence band is lo-
cated at the T point. It is observed that the critical value
of antimony composition for the semimetal-semiconductor
phase transition between Region 1 and Region 2 is smaller
in a Bi1−xSbx thin film than in a bulk Bi1−xSbx, and de-
creases monotonically with decreasing film thickness l due
to the quantum confinement effect. Region 3 stands for the
direct-semiconductor (DSC) phase where both the bottom of
the conduction band and the top of the valence band are lo-
cated at the three L points. Because the direct band-gap at
the L points is on the order of 0 to 101 meV for most cases,
this region could be interesting for photonic research in the in-
frared wavelength range. Region 4 and Region 5 on the rela-
tively antimony-rich side stand for the indirect-semiconductor
phase and semi-metal phase, respectively, for which the top of
the valence band is located at the six H degenerate points. The
critical value of antimony composition for the semiconductor-
semimetal phase transition between Region 4 and Region 5
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FIG. 4: Phase diagrams as a function of antimony composition x and film thickness l for the Bi1−xSbx thin film systems grown normal to (a)
the trigonal axis, (b) the bisectrix axis and (c) the binary axis. The semi-metal (SM) phase regions, the indirect-semiconductor (ISC) phase
regions and direct-semiconductor (DSC) phase regions are labeled for each case. Region 1 and Region 2 in each phase diagram are the regions
where the top of the valence band is located at an L point; Region 4 and Region 5 in each phase diagram are the regions where the top of
the valence band is located at an H point. The band gap (band overlap) value as a function of film thickness and antimony composition are
shown in (d), (e) and (f), corresponding to (a), (b) and (c), respectively, where a positive value stands for the band gap of a direct- or indirect-
semiconductor, while a negative value stands for the band overlap of a semi-metal. A zero value stands for a gapless state, which corresponds
to a semimetal-semiconductor or semiconductor-semimetal phase transition.
is larger in a Bi1−xSbx thin film than in a bulk Bi1−xSbx, and
increases monotonically with decreasing film thickness l due
to the quantum confinement effect. Bi1−xSbx thin films in
the semi-metal phase regions (Region 1 and Region 5) usu-
ally have higher carrier concentrations than the films in the
semiconductor regions [7], so these semi-metal phase regions
could be interesting for transport studies and electronic de-
vices design. Bi1−xSbx thin films in the semiconductor re-
gions (Region 2, Region 3 and Region 4) have small band gaps
which are on the order of 0 to 101 meV for most cases, and
may have a higher Seebeck coefficient than their semi-metal
counterparts. Therefore these regions could be interesting for
cryogenic thermoelectrics and low-temperature refrigeration.
As the film thickness decreases, the semi-metal phase regions
and the direct-semiconductor phase region shrink, while the
indirect-semiconductor regions expand. At the triple-phase
point, the T -point valence band-edge, the three L-point va-
lence band-edges and the six H-point valence band-edges are
all degenerate in energy, which indicates a very high density
of states that could potentially yield a significantly enhanced
Seebeck coefficient [19]. The band gap (band overlap) value
as a function of film thickness and antimony composition are
shown in Fig. 4 (d) corresponding to Fig. 4 (a), where a
positive value stands for the band gap of a direct- or indirect-
semiconductor, while a negative value stands for the band
overlap of a semi-metal.
Figure 4(b) shows the phase diagram for the Bi1−xSbx thin
film system grown normal to the bisectrix axis. In contrast to
Fig. 4(a), in Fig. 4(b) the critical value of antimony compo-
sition for the semimetal-semiconductor phase transition be-
tween Region 1 and Region 2 is larger than that in a bulk
Bi1−xSbx, and this value of x increases monotonically with de-
creasing film thickness l, while the critical value of antimony
composition for the semiconductor-semimetal phase transi-
tion between Region 4 and Region 5 is smaller than that in a
bulk Bi1−xSbx, and decreases monotonically with decreasing
film thickness l. By comparison to Fig. 4(a), the semi-metal
phase regions (Region 1 and Region 5) in Fig. 4(b) have ex-
panded remarkably, as well as the direct-semiconductor phase
region (Region 3), while the indirect-semiconductor phase re-
gions (Region 2 and Region 4) in Fig. 4(b) have shrunk re-
markably. The differences of Fig. 4(b) as compared to Fig.
4(a) arrives because the L-point normal-to-the-film effective
mass component along the bisectrix axis is much larger than
6that along the trigonal axis, which leads to a much stronger L-
point quantum confinement effect. The band gap (band over-
lap) value as a function of film thickness and antimony com-
position are shown in Fig. 4 (e) corresponding to Fig. 4 (b).
Figure 4(c) shows the phase diagram for the Bi1−xSbx thin
film system grown normal to the binary axis. Figure 4(c)
seems to be intermediate between Fig. 4(a) and Fig. 4(b), be-
cause the effective mass component normal to the film along
the binary axis has a value between the corresponding mass
components along the trigonal axis and along the bisectrix
axis. The band gap (band overlap) value as a function of film
thickness and antimony composition are shown in Fig. 4 (f)
corresponding to Fig. 4 (c).
In conclusion, we have develped a closed-form model to
calculate the band-edge shifts due to the quantum confinement
effect for a non-parabolic carrier-pocket. We have examined
the symmetry of the three two-dimensional L-point carrier-
pockets and the six two-dimensional H-point carrier-pockets
for Bi1−xSbx thin films with different growth orientations, and
we have calculated the band-edge shifts for each case. Finally,
we have calculated and analysized the phase diagrams for the
Bi1−xSbx thin film systems with different growth orientations.
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